Abstract. This paper studies the tropicalization of the Cayley-Menger variety, i.e. the Zariski closure of the set of vectors specifying the pairwise squared distances between n points in R d . In particular, when d = 2, we show that it is the Minkowski sum of the set ultrametrics on n leaves with itself, and we describe its polyhedral structure. We then give a new, tropical, proof of Laman's theorem.
n leaves. We also set some notation that will be used in later sections. We begin Section 3 by showing that the tropicalization of the Pollaczek-Geiringer variety is the Minkowski sum of the set of ultrametrics with itself. Then, we show that this tropical variety admits a particular simplicial complex structure. In Section 4, we use our previous results to give a new proof of Laman's theorem.
Preliminaries
Let K be an algebraically closed field of characteristic zero. Let S be a finite set, and let X ⊆ K S be an irreducible affine variety. The algebraic matroid associated to X is the matroid on ground set S whose independent sets are the subsets E ⊆ S such that the coordinate projection morphism π E : X → K E is dominant. Equivalently, it is the matroid of algebraic dependence among the variables {x i } {i∈S} in the coordinate ring of X, K[X] := K[x i : i ∈ S]/I where Iis the ideal of polynomials that vanish on X.
A bar and joint framework consists of a graph G = (V, E) along with an injection p : V → R d . We denote such a framework by (V, E, p) and say that it is rigid if there exists an ε > 0 such that for any other injection q : V → R d satisfying u∈V p(u) − q(u) 2 ≤ ε and q(u) − q(v) = p(u) − p(v) for all uv ∈ E, then the images of p and q are related by a Euclidean isometry of R d . A graph G = (V, E) is said to be generically rigid in R d if every framework (V, E, p) is rigid when p is generic.
For each pair of positive integers n, d, the corresponding Cayley-Menger variety is the affine variety embedded in C (
2 ) given as the Zariski closure of the set of possible pairwise squared euclidean distances between n points in R d . We denote this variety by CM Hence the generically minimally rigid graphs in R d are the bases of this algebraic matroid. We now give a folklore lemma, the second part of which is called Laman's condition in [5] . It is typically not phrased in our algebraic-geometric language, so we give a proof.
is independent in the algebraic matroid underlying CM
2 ) be the map sending a configuration of n points in R d to the set of pairwise squared distances among them. Then CM d n is the Zariski closure of the image of φ. Each generic fiber of φ is an orbit of the diagonal action of the Euclidean group E(d) on (R d ) n consisting of R d -point configurations in general position. Then, since n ≥ d, the only element of E(d) that stabilizes p is the identity element. It then follows from the orbit-stabilizer theorem for Lie groups that the dimension of a generic fiber of φ is dim(E(d)) = We now recall some basics of tropical geometry. As a note, we will be using the max convention, that the tropical sum of two elements is their maximum. Let X ⊆ C S be an irreducible variety with defining ideal I ⊆ C[x i : i ∈ S]. Denote by C{{t}} the field of complex Puiseux series. That is, the field of formal power series in a single variable t with rational exponents that are bounded below and expressible over a common denominator with complex coefficients. From X, we can obtain a variety over the Puiseux series by extending scalars. Let X ′ ⊆ C{{t}} S denote the vanishing set of ideal IC{{t}}[x i : i ∈ S]. Let val : C{{t}} → Q denote the usual valuation given by For complex variety X we define trop(X) to be equal to trop(X ′ ). In this case, trop(X) is a pure polyhedral fan of the same dimension as X [3] . The following lemma tells us that tropicalization preserves the algebraic matroid structure. We now review the results from the literature that we will need to obtain our combinatorial description of trop(CM We denote the coordinates of points d ∈ R (
[n]
2 ) by d uv where u < v. We say that d ∈ R (
2 ) is an ultrametric if d uv ≤ max{d uw , d vw } for all triples u, v, w of distinct elements of [n] . Note that we do not require nonnegativity of any coordinates.
We now recall the well-known way that ultrametrics can be represented on rooted trees (see e.g. [8, Chapter 7] ). Given a rooted tree T with leaves labeled by [n], the most recent common ancestor of a pair of leaves u, v ∈ [n] is the unique internal node in the unique path in T from u to v that is closest to the root in the graph-theoretic distance. Given an ultrametric d on [n], there exists a unique tree T , whose internal nodes are assigned real-valued weights that increase along any path towards the root, such that d(u, v) is the weight assigned to the most recent common ancestor of u and v. Given an ultrametric d, the associated tree T (disregarding the weights on the internal vertices) is called the topology of d. See Figure 1 for an example displaying the ultrametric (d 12 , d 13 , d 14 , d 23 , d 24 , d 34 ) = (−2, 1, 4, 1, 4, 4) on its topology. We denote the set of all ultrametrics in R (
2 ) denote the linear space parameterized by d uv = x u − x v . Our results all rest on the following theorem of Ardila and Klivans. On the left is a rooted tree displaying the ultrametric (−2, 1, 4, 1, 4, 4). Letting T denote the topology of this tree, the corresponding matrix M T is displayed on the right. Its columns span the linear hull of the set of ultrametrics whose topology is T .
The tropical Cayley-Menger variety in dimension 1
Proposition 2.
The tropicalization of the Cayley-Menger variety of points in
2 ) denote the monomial map that squares each coordinate. The matrix A representing α is twice the identity matrix. Since CM
it is easy to see that AU n = U n .
For any ultrametric
T is also an ultrametric for any real number a since d uv + a ≤ max{d uw + a, d vw + a} for all triples u, v, w ∈ [n]. Therefore trop(CM 1 n ) can be considerd as a subset of tropical projective space TP (
T . Ultrametrics on [n] can be classified by their topology T . Let T be a rooted tree with leaves labeled by [n] . A clade of T is the set of leaves below a given internal vertex. A descendant of an internal vertex v of T is a vertex u in T such that the unique path from u to the root of T contains v. The trivial clade is [n], the set of all leaves. Let clade(T ) denote the set of clades of T and clade
• (T ) the set of clades excluding the trivial clade. Note that each tree T is completely determined by clade • (T ). As a shorthand for a nonempty subset {i 1 , . . . , i r } ⊆ [n], we will also write i 1 · · · i r . Let K T denote the closed cone consisting of all ultrametrics with topology T . Like U n , it has lineality space spanned by (1, . . . , 1)
T , so it can be considered as a subset of tropical projective space.
Theorem 2.2 ([1], Proposition 3). The tropical Cayley-Menger variety of points in
2 )−1 , admits a simplicial fan structure with cones K T for each tree rooted tree T on leaves [n] , where
We give two bases for the linear hull of K T that will be useful in the following sections.
2 ) be the characteristic vector of the set of pairs ij in
[n] such that C is the smallest clade containing ij. Let M T be the matrix with columns m C . A given ultrametric d with topology T can be expressed as
where d C is the label assigned to clade C. Within the linear span, the cone K T is cut out by the inequalities Figure 1 for an example. Another basis for the linear hull of K T is the set {v C } C∈clade(T ) where v C is the characteristic vector of
2 ) −1 containing all ultrametrics with a given topology T is generated by {−v C } C∈clade 
3. The tropical Pollaczek-Geiringer variety 
2 ) ×C (
2 ) be the monomial map sending (d
The rows of the integer matrix A representing α are {e uv +f uv } uv where {e uv } uv , {f uv } uv are the canonical bases of each copy of C (
2 ) . Theorems 1.3 and 1.4 then imply the proposition.
Our goal for the rest of this section is to prove Theorem 3.3 which describes a polyhedral fan structure on trop(CM n 2 ). Definition 3.2. The tree pair complex on n leaves, denoted tp(n), is the abstract simplicial complex on ground set 2
[n] whose faces are all subsets of the form clade(T 1 ) ∪clade(T 2 ) where T 1 and T 2 are rooted trees on leaf set [n] .
To see that the tree pair complex is indeed an abstract simplicial complex, note that any subset of clade(T ) can be realized as clade(T ′ ) where T ′ is obtained from T by contracting internal edges. We now state, but do not yet prove, our main theorem. . The clade graph of T 1 and T 2 is the bipartite graph G T 1 ,T 2 = (V 1 , V 2 , E) whose partite vertex set V i is the set of clades of T i and whose edge set E = {e ij : 1 ≤ i < j ≤ n} has e ij connecting the minimal clades of T 1 and T 2 that contain both leaves i and j.
Example 3.5. Figure 2 shows two rooted trees on vertex set {1, 2, 3, 4} alongside their clade graph. In both trees, the trivial clade 1234 is the minimal clade containing the leaf pairs 24 and 34 and so there is a double edge between both copies of the trivial clade. 
) the rank of the graphic matroid of G T 1 ,T 2 (the number of vertices minus the number of connected components), (3) the cardinality of clade(T 1 ) ∪ clade(T 2 ).
Proof. Recall that the rank of the vertex-edge incidence matrix of a bipartite graph is equal to the rank of its graphic matroid. Equivalence of (1) and (2) then follows from the fact that M T 1 M T 2 is the vertex-edge incidence matrix of G T 1 ,T 2 and that its column span is the linear hull of
Now we show that (1) and (2) are equivalent to (3). The linear hull of
We proceed by showing that | clade(T 1 ) ∪clade(T 2 )| ≤ rank(G T 1 ,T 2 ). Note that the number of vertices of G T 1 ,T 2 is | clade(T 1 )| + | clade(T 2 )| so we must prove that the number of connected components of
We first show that that each clade C of T 1 (without loss of generality) connects to the smallest clade D of T 2 containing C. Let E 1 , . . . , E s be the maximal clades of T 1 that are properly contained in C, and let E s+1 , . . . , E r be disjoint singleton sets whose union is C \ s i=1 E i . Note that r ≥ 2. For any a ∈ E i and b ∈ E j with i = j, C is the most recent common ancestor of a and b in T 1 . If the edge e ab does not connect vertices C and D, then the smallest clade of T 2 containing both a and b is a strict subset of D. If C and D are not adjacent in G T 1 ,T 2 , iterating over all such pairs a, b implies that C is contained in a proper subset D ′ of D that is also a clade of T 2 . This contradicts D being the smallest clade of T 2 containing C, so there must be an edge in G T 1 ,T 2 connecting C and D.
If C ∈ clade(T 1 )∩clade(T 2 ) then the two vertices in G T 1 ,T 2 corresponding to C are adjacent. If C ∈ clade(T 1 ) \ clade(T 2 ), then its vertex is adjacent to the vertex of a clade D that strictly contains C. Therefore there is a path from vertex C through an ascending chain of clades that eventually reaches a shared clade. Every vertex is connected to the vertex pair of a shared clade, so the number of connected components of G T 1 ,T 2 is bounded by
We now note that our tropical proof of Laman's theorem does not require any of the remaining results in this section. Hence, the reader who is only interested in our tropical proof of Laman's theorem could skip to Section 3 now. 
2 )−1 is a simplicial cone generated by {−v C } C∈clade
Proof. By Lemma 2.3, K T i has lineality space (1, . . . , 1)
T and is generated by {−v C } C∈clade
2 )−1 . Therefore
T in its lineality space and is generated by
2 )−1 . By Proposition 3.6,
Modulo (1, . . . , 1) T , the dimension of the cone is equal to the number of generators, so it must be simplicial.
Corollary 3.8 implies that the cone
and not necessarily the trees themselves. For S ⊆ 2
[n] , let S • denote S \ {[n]} and let
2 )−1 denote the cone generated by {−v C } C∈S • (with lineality space (1, . . . , 1) T ). Suppose S ∈ tp(n), so that S = clade(T 1 ) ∪ clade(T 2 ) for a pair of trees T 1 , T 2 , and
The clade intersection poset of S, denoted cip(S), will consist of S and all intersections of elements of S containing two or more elements, and be partially ordered by inclusion. This construction guarantees that for any pair ij ⊆ [n], there is a unique smallest set C ∈ cip(S) that contains ij. Denote this set ij. Given C ∈ cip(S), the parents of C are the elements of cip(S) that cover C, and the children of C are the elements of cip(S) that C covers (recall that a is said to cover b in a poset if a is greater than b, and there is no element strictly between a and b). We claim that cip(S) is a join-semilattice. Otherwise, if the join of A and B does not exist, then there exist mutually incomparable C 1 , C 2 ∈ cip(S) that are both minimal elements of cip(S) containing A ∪ B. But this is a contradiction since then C 1 ∩ C 2 ∈ cip(S) also contains A ∪ B. The join of A and B will be denoted A ∨ B.
Lemma 3.9. For S ∈ tp(n), and C ⊆ [n] with |C| ≥ 2, let D be the minimal element of cip(S) that contains C. Then there exists a pair i, j ∈ C such that ij = D.
Proof. Suppose no such pair ij exists, so every pair in C appears in some child of D. We claim that there exist three children E 1 , E 2 , E 3 of D that have nontrivial pair-wise intersection. Let E 1 be a child of D that has maximal intersection with C among the children of D and let a ∈ E 1 ∩ C. Since E 1 does not contain C, there is some b ∈ C \ E 1 . Let E 2 be a child of D that contains the pair ab. By how E 1 was chosen, E 2 does not contain E 1 ∩ C, so there is c ∈ (E 1 ∩ C) \ E 2 and E 1 contains ac. Finally take E 3 to be a child of D that contains bc.
We note that for any three sets in S, at least two of the sets must be clades in the same tree, implying that either one contains the other, or they are disjoint. Therefore there cannot be three sets in S that with nontrivial pair-wise intersection and none containing another. This implies that any element of cip(S) \ S is the intersection of exactly two elements of S. Now, for each k = 1, 2, 3, if E k / ∈ S then it is the intersection of D and one other set Corollary 3.8 describes the cone K S in terms of its rays, {−v C } C∈S , i.e. a v-description. From this description, we will describe the equations and inequalities that cut out K S , i.e. an h-description. Modulo lineality space, any point d ∈ K S can be written uniquely as
with each t C ∈ R ≥0 . Therefore the ij coordinate has the form
It follows that if ij = kl then
With this in mind, we will write d C to denote some d ij with C = ij. By Lemma 3.9, for every C ∈ cip(S) there is some ij with ij = C, so d C is well-defined. We can also express each t C in terms of d. (−1)
For C ∈ S • , rewriting the known inequality t C ≥ 0 in terms of d gives
Statement (2) 
Let F S denote the system of inequalties and equations on d from lines (1),(3),(4). We will prove in Proposition 3.11 that F S is sufficient to cut out K S , but first an example. Considering C ∈ S with |C| > 2, we have
One more equality comes from 13 ∈ cip(S) \ S, namely
Finally, we have the inequalities
Proposition 3.11. For S ∈ tp(n), the polyhedral cone defined by the system F S is K S .
Proof. It has already been observed that d ∈ K S satisfies the system F S . The inequalities in F S are facet-defining, and define all facets of K S , because for each given C ∈ S • , (3) achieves equality at all extreme rays of K S aside from v C .
It remains to show that the linear space defined by the equations of F S is the linear hull of K S . For each pair ij, d ij = d C for some C ∈ cip(S). If C / ∈ S then d C can be rewritten as a sum and difference of {d D } D C using the equality in F S associated to C. Since the maximal element of cip(S) is [n] ∈ S, by induction d C can be written in terms of {d D } D∈S, D⊇C . Therefore the linear space defined by F S is parameterized by {d C } C∈S so it has dimension at most |S| including the lineality space. We know this linear space contains K S , which also has dimension |S| by Proposition 3.6, so it must be equal to the linear hull of K S . Proposition 3.12. For S, S ′ ∈ tp(n),
Proof. The generators of K S∩S ′ in TP ( First suppose that C D. By Lemma 3.9 there exists a pair ij ⊆ C such that D is the smallest element of cip(S ′ ) containing ij.
If D = C then D ∈ cip(S ′ ) \ S ′ . Let E 1 , . . . , E r be the parents of D in cip(S ′ ). For a point
To reprove Laman's theorem, it remains to show that the graphs H satisfying the condition of Proposition 4.1 are precisely the Laman graphs. We will do this via the Henneberg moves which give a constructive characterization of the Laman graphs. We now define two conditions a graph can satisfy, then use our combinatorial description of trop(CM 2 n ) to show they are both equivalent to the property of being generically minimally rigid in the plane. 
